
ISRAEL JOURNAL OF MATHEMATICS, Vol. 71, No. 3, 1990 

GROUPS WITH TRIVIAL 
VIRTUAL AUTOMORPHISM GROUP 

BY 

E MENEGAZZO a AND M. J. TOMKINSONb't 
aDipartimento di Matematica pura ed applicata, Universitdt di Padova, 35131 Padova, Italy; 

and bDepartment of  Mathematics, University of  Glasgow, Glasgow G12 8QW, U.K. 

ABSTRACT 

We answer a question of A. Lubotzky and A. Mann by constructing examples of 
infinite groups G such that every isomorphism ~ : H--, K between subgroups H and 
K having finite index in G coincides with the identity on some subgroup of finite 
index. The structure of such a group is very restricted; G must be virtually a 
2-group with finite central derived subgroup and G/G' elementary abelian. 

1. Definitions and introduction 

We begin by giving some background to the question asked by A. Lubotzky  and 

A. M a n n  [2]. Given a g roup  G, they considered isomorphisms 0/: H ~ K, where 

H and K are subgroups  o f  finite index in G. Given two such i somorphisms  

0/1 : HI  --, KI and 0/2 : HE ~ / ( 2 ,  they have a composi t ion  0/1 0/2: L ~ M,  where L = 

(Ki CI H2)0//-I and M = (KI f) H2)0/2. This is the usual definition o f  composi t ion 

o f  partial maps  under  which the set o f  such isomorphisms forms an inverse semi- 

group.  To obtain a g roup  we need to consider equivalence classes o f  such isomor- 

phisms. Two isomorphisms C~l : H1 ~ K1 and 0/2 : H2---' K2 are said to be equivalent 

(O/1 - -  0 / 2 )  if there is a subgroup L (_< H1 iq H2) of  finite index in G such that  0/1 

and 0/2 coincide on L. It is clear that  if  0/1 ~ ~ l  and 0/2 ~ ~ 2 ,  then 0/10/2 - -  ~ 1 ~ 2 "  

A n  equivalence class [0/] is called a virtual au tomorph i sm o f  G and the above 

composi t ion induces a p roduc t  o f  virtual au tomorphisms;  [a ]  [/3] is defined to be 
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[o43]. With this definition it is a simple matter to see that the set of virtual au- 

tomorphisrns of  G forms a group Vaut G. We understand that this group has also 

been considered by other authors under different names. 

It is clear that if H is a subgroup of  finite index in G, then Vaut H = Vaut G. 

In particular, if G is finite then Vaut G is trivial. On the other hand, if G is infinite 

then Vaut G generally seems to have a rather richer structure than Aut G. For ex- 

ample, it is a simple exercise to show that Vaut Z = Q* and Vaut Z n _= GL(n,Q) .  

Lubotzky and Mann asked whether there is an infinite group G with Vaut G = 1. 

We answer this question by giving two examples of infinite groups satisfying this 

condition. The reductions in the problem given in Section 2 show that if G is an 

infinite group with Vaut G = 1 then G contains a subgroup L of  finite index such 

that L is a 2-group with L' finite and central, L/L'  elementary abelian and Vaut 

L = 1. Thus, in constructing our examples, we need only consider 2-groups of  this 

form. Our first example is of  an extraspecial 2-group of  cardinality 2 ~0 but has 

the disadvantage that our construction depends on the Continuum Hypothesis. Our 

second example does not require the Continuum Hypothesis, but is rather more 

complicated, having derived subgroup isomorphic to the 4-group. Again, this ex- 

ample has cardinality 2 ~° and we have been unable to construct examples of  other 

cardinalities. It does seem possible that the methods used here might yield exam- 

ples of  higher cardinalities, but the question of  whether there are countably infi- 

nite groups G with Vaut G = 1 seems to be a much more difficult problem. 

It is clear that if Vaut G = 1 then every automorphism o~ of  G must coincide 

with the identity automorphism on a subgroup of  finite index or, equivalently, 

I G: Cc(~)l is finite. Such automorphisms were called bounded by Zalesskii" [5] 

and virtually trivial by Menegazzo and Robinson [3]. In [3] groups of  which ev- 

ery automorphism is virtually trivial, or VTA-groups, were considered. Examples 

of  such groups were constructed and, more importantly for our purpose, a num- 

ber of  reduction theorems on the structure of  VTA-groups were obtained. The re- 

sults which we require may be summarized as follows. 

PROPOSITION 1.1. (Menegazzo and Robinson [3]) Let G be a VTA-group. Then 

(i) G' is finite, 
(ii) G/Z ( G) is centre-by-finite and has finite exponent, 

(iii) Z( G) is reduced and its primary components are finite, 

(iv) i f  G is periodic, then Z (G) is finite and G has finite exponent. 

If  Vaut G = 1, then every subgroup of  finite index in G is a VTA-group. Our 

reduction theorems are based on this fact together with the results given above. 
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2. Reduction theorems 

LEMMA 2.1. Let G be a nilpotent group of class two whose centre contains two 

subgroups A and B such that 

(a) G' _< A, 

(b) A N B = 1, 

(c) G/AB = Dri~1(xiAB), where (xi) A AB < B. 

Then G has an automorphism ct fixing each element of  A, inverting each element 

of  B and in verting each xi. 

PROOF. If we order the index set I, then each element of G is uniquely express- 

ible in the form 

abx~'.. "xe: 

with a E A, b E B, il < . . .  < i,, and 1 _< ej _< [(xijAB)[. 

We define the map ot : G --, G by 

( abx~' . . . x era) a = ab- l xiTe'"" X~m era. 

A straightforward calculation verifies that a is an automorphism of G and it clearly 

satisfies the conditions described in the conclusion of the lemma. 

THEOREM 2.2. Let G be a group in which each subgroup of finite index is a 

VTA-group. I f  G is infinite then it contains a subgroup L of finite index such that 

(a) L is nilpotent of  class two, 

(b) L is generated by elements of  order two (and so is a 2-group), 

(c) L' is finite. 

PROOF. The hypotheses of the theorem allow us to pass to subgroups of finite 

index. In a VTA-group G, G/Zz (G) is finite (Proposition 1. l(ii)) and so we may 

assume that G is nilpotent of  class two. Also, G'  is finite and G/Z(G) has finite 

exponent (Propositions 1. l(i) and (ii)). 

If G is periodic, let A = G' and B = 1. By Proposition 1.1(iv) G, and hence also 

G/G', has finite exponent. 

If G is not periodic, then the p-components of Z(G) are finite (Proposition 

1.1(iii)) and so G' is contained in a finite direct factor A of Z(G).  Thus Z(G) = 

A x B with G' _< A. In both cases G/AB is abelian of finite exponent and so is a 

direct product of cyclic groups. 

The finite abelian group A is the direct product of its Sylow p-subgroups Ap. 

Since G/B has finite exponent, each p-element a of A has finite p-height k = k(a) 
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in G modulo B; that is, a E G~'B - Gu*÷JB. For each a E Ap, choose an element 

x(a)  E G such that x(a)  ~ E aB and consider 

F = (x(a)  : a E Ap ,p  E ~r(A))AB. 

Since F is generated by the central subgroup AB and finitely many other elements, 

it follows that F/AB is finite and G/Cc(F)  is finite. 

Since G/AB is abelian of  finite exponent there is a subgroup K of finite index 

in G such that K < Co(F)  and K n F = AB. Now K/AB is a direct product of fi- 

nite cyclic groups and so we can choose elements gi E K, i E I, such that giAB is 

a p-element and K/AB = Dri~i(giAB).  
I 

Suppose that giAB has order pt. If gP~ E B, put xi = gi. If g~ B = aB, where a 

is a non-trivial element of A, we may assume that a is a p-element (if a has order 

pmn with p . (n ,  then ( g rAB)  = (g iAB)  and (gf  )PtB = anB with a n of orderpm).  

In this case, there is a k >__ 1 such that a E GP*B - GPk÷IB, and we put xi = 

gix(a) -pk-I. Since gi commutes with x(a) ,  x y  = gf~x(a) -pk E B. Also, x iAB has 

order pZ. 
_p( l - l )  

For, if x p"-" E A B  then gi x (a)  -p~k-~ E A B  and, since K n F = AB,  we 

would have gfC~-~l E AB  (and x(a)  -pc~-t~ E AB) .  

Further, the elements x iAB are independent. For, suppose x~ ~.. "xi~" E AB; 

then g ~ . . .  g~"f E AB,  where f is a product of powers of x(a) ' s .  But since K 13 

F = AB,  it follows that g~ .. .g~" E A B  and, by the independence of the giAB's, 

g~J E AB. But xiAB has the same order a s  giAB and so xi~ j E AB. 

Now let H = (xi : i E I ) A B  so that H/AB = Driez(xiAB) and H'  < G' < A.  By 

Lemma 2.1, H has an automorphism a which inverts the elements of B and inverts 

the elements x;, i E L 

But F H  = FK has finite index in G and, since F/AB is finite, it follows that 

I G : H  I is finite and so H is a VTA-group. In particular, the automorphism ~ is 

virtually trivial. But this can only occur if B is finite and all but finitely many of  

the elements xi, i E I, have order 2. Let L = <xi:x 2 = 1>. Then [ G : L  l is finite 

and so L is a VTA-group generated by elements of order 2. Also, L' _< A B  is finite. 

In constructing our examples we concentrate on 2-groups of the form described 

in the theorem. Having constructed such a group, the main problem is of proving 

that every virtual automorphism is trivial. 

3. The first example 

In our first example we get around the difficulty of proving that every virtual 

automorphism of G is trivial by considering one of the consequences of G having 
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a non-trivial virtual automorphism. This result provides a certain countably infi- 

nite subgroup of G and it is this which leads to our example having cardinality 
2It0. 

LEMMA 3.1. Let G be a 2-group o f  class two such that G/G'  is elementary 

abelian and G' is finite. Let s : H ~ K be an isomorphism between subgroups o f  

G such that IH:  Cn( s ) l  is infinite. Then there is an infinite abelian subgroup A 

o f  H such that A tq A s  <_ G'. 

PROOF. We show first that for any finite abelian subgroup F of H with FG' t') 

( F a ) G '  = G' there is an element x E C n ( F )  - FG'  such that (F ,x )G"  f3 

((F, x ) s ) G '  = G'. Thus, let Y be the join of F ( F s ) G '  and its pre-image under s ;  

then I YI and IH:  Cn(F)[  are finite, while IH:  C,v(s) t is infinite, and so the 

set I [g ,s]  :g E C n ( F )  - YI  is infinite and cannot be contained in F ( F s ) G ' .  

If  now x E C n ( F )  - Y is such that [x ,s]  ~ F ( F s ) G ' ,  it is easily seen that 

(F,x>G' N ((F, ,x)s)G'  = G'. 

By the above remark we can inductively define elements xl,x2 . . . .  E H and 

finite subgroups An = (x~ . . . . .  xn) such that xn E Cn(An-~)  - A n - I G '  and 

AnG'  tq ( A n s ) G '  = G'. Let A = t.Jn%lAn = (x~,x2 . . . .  ); then A is an infinite 

abelian subgroup of H. Let y E A N A s ;  then there is a least integer n such that 

y E An N Ans, and it is clear from the definition of the An that y E G'. 

To construct a group G for which Vaut G = 1 we must therefore construct a 

2-group G with G' finite such that for every isomorphism s :H-- ,  K there is no 

infinite abelian subgroup A _< H such that A tq A s  = G'. Alternatively, for each 

pair of  infinite abelian subgroups A , B  with A t') B = G'  and each isomorphism 

s : A ~ B, s cannot be extended to an isomorphism s* : H ~ K with [ G : HI and 

I G : K I finite. 
The construction of an extraspecial 2-group with this property is based on the 

method used by A. Ehrenfeucht and V. Faber in [1] to construct infinite extraspe- 

cial groups in which each abelian subgroup has cardinality less than that of the 

whole group. This method requires the Continuum Hypothesis, but it should be 

noted that the Ehrenfeucht-Faber example has been constructed and generalized 

without using the Continuum Hypothesis by Shelah and Steprans [4]. It seems pos- 

sible that their methods could be adapted to improve the example we construct 

here. 

The results leading to the example are given in terms of an infinite cardinal m, 

but because of the countable subgroup occurring in Lemma 3.1 we shall apply 

them in the case m = tt 0. 
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LEMMA 3.2. (2" = m +) Let V be a vector space o f  dimension m over GF(p) ,  

U a subspace o f  codimension 1 and v E V - U. 

Let q~ : U x U ~  GF(p)  be an alternate bilinear map and let (~ be a family o f  lin- 

ear bijections [3 : X--* Y where X and Y are subspaces o f  U having dimension m 

such that X n Y = 0 and ] (i I = m.  

Then there is an alternate bilinear map ok' : V x V ~ GF(p)  extending ck and such 

that: 

f o r  each (13, Ul, u2) E (i x U x U, there are elements x, y E X = Dora [3 such 

that 

(a) 4~'(x, v) #: 4~(x13, ul) - $(x, u2), 

(b) ~b'(x[3, v) q= q~(x, u2) - $(x[3, Ul), 

(c) ~b'(y, v) - ~b'(y/3, v) :~ ~(y[3, ul) - ~b(y, uz). 

PRooF. Well order ~ x U × U with order type #, the least ordinal of cardinal- 

ity m, so that the elements are 

(13X : Xx  -'* Yx, UI()~),U2(~,)), ~k<l.t. 

We can choose elements x×, y× E X× such that the elements [x×,yx,x×[3x,Y×13x : 

~, </x} are linearly independent. 

Extend the set Ixx, yx,xx13x, Yx13× : 9~ < #1 to a basis (B of U. Then (B U Ivl is 

a basis of V. 

The alternate bilinear map q~' can be specified by defining 4~'(b, v), for all 

b E (B, and then putting 4Y(v ,b )  = -¢b ' (b , v )  and 4Y(v , v )  = 0. We define 

4~'(x×,v) to be different from q~(Xx13x, ul(X)) - 4~(Xx, Uz(X)), 4~'(xx13×, v) to 

be different from 4~(xx, u2(h)) -4~(xx13x, ux(~,)), 4~'(yx, v) and ~b'(Yx13x, v) so 

that 4>'(y×, v) - ~'(Yx[3×, v) is different from q~(Yx[3×, Ul(X)) - 4,(Yx, u2(h)). 

For the remaining b E <B we cart define 4~' (b, v) arbitrarily. 

If  (13, ul,  uz) E t~ x U x U, then there is a ~ </~ such that ([3, ul, u2) = 

(13x, ul ()~), u2(X)). Then x = xx and y = Yx are the required elements. 

TaEOREM 3.3. (2" = m +) There is a symplectic space V o f  dimension m + 

over GF(p)  with alternate f o r m  ~ and with the following property: 

I f  W is an m +-dimensional subspace o f  V and a : W ~ V is an injective linear 

map such that W contains an m-dimensional subspace X with X n xe t  = o, then 

a does not preserve 4a. 

PROOF. Let V have basis { v, : E < K }, where K is the least ordinal of cardinal- 

ity m +, and let V, = ( vx: X < e).  

Consider all pairs o f  m-dimensional  subspaces X,  Y with X O Y = 0 and bijec- 
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tions/~ : X ~  Y. There are 2 m = m + pairs (X, Y) and for each pair there are 2 "  = 

m + bijections. So in total  there are 2 m = m + bijections o f  this type. 

These may  be ordered as t3, :X ,  ~ Y~ with tt -< ~ < ~ in such a way that  X,  + 

Y~ ~_ V~ (# is the least ordinal  o f  cardinali ty m ) .  

For  each ~, g _< ~ < K, let (~ = [ ~x : Xx ~ Y× : tt -< )x _< ~ }. 

We define an alternate bilinear map ~ on V x V as follows. Let 4~ be any such 

map  on V u x V~ and then, inductively, extend ~ on V~ x V~ to ~+~ on V~+~ x V~+~ 

using L e m m a  3.2 with U =  V~, v = v~, q~ = ~ and t~ = (~,. This enables us to de- 

fine ~ : V x V-~ G F ( p )  to coincide with 6¢ on each V~ x V~. 

N o w  take an injective linear m a p  a : W ~ V with dim W = m + and with an 

m-dimensional  subspace X ~ W such that  X f) X a  = 0. We show t h a t ,  does not  

preserve the alternate bilinear map q~ defined above. 

The restriction o f  a to  X occurs as some bijection/3~ : X~ ---, Y,. Since dim W = 

m +, W contains an element o f  the form w + v~ with w ~ V~ and di some ordinal 

greater than ~. We consider the image of  w + v~ under  o~; there are three possi- 

bilities: 

(a) ( w  + ve)~ e v~, 

(b) (w + v~)ot = u + v v with u ~ W, some 3' > 6, 

(c) (w + v6)ot = u + v~ with u G V~. 

Case (a): Consider the extension f rom ~b~ to ¢~+~. Applying Lemma 3.2(a) with 
u~ = ( w  + v~)a and u2 = w, there is an x G X such that  

4~( x, v~) ~ 4~( x~ ,  ( w + v~)a ) - 4~( x,  w ) 

and so q~(xot,(w + v~)o~) ~ 4~(x, w + yD. 

Case (b): Consider  the extension f rom ~ to ~v+l. Applying L e m m a  3.2(b) 
with u~ = u and u2 = w + v6, there is an x E X such that  

4~(xc~, vv) ~ 4~(x, w + v6) - 4~(xc~,u) 

and so 4~(xa , (w  + v~)a) = 4~(xa,u + v v) ~ 4~(x,w + yD. 

Case (c): Consider the extension f rom 06 to q~+l. Applying Lemma 3.2(c) with 
u~ = u and u2 = w, there is a y E X such that  

O(y,v~)  - ~ (Y~ ,V6)  ~ O ( y a , u )  - O ( y , w )  

so that  ~b(yt~, (w  + v~)c~) = ~(yo~, u + v~) ¢ O(y,  w + v~). 

In all three cases we have x E X such that  ~b(xct, ( w + v~)a) =~ q~(x, w + v6) and 

so a does not  preserve the alternate fo rm ~b. 
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THEOREM 3.4. (2 ~° = 1~1) There is an extraspecial 2-group G o f  cardinality 2 ~o 

such that every monomorphism ct : H ~ G with IHI = 2 ~° satisfies IH:  CH(u)I is 

finite. In particular, Vaut G = 1. 

PRoov: Let V be the symplectic space of  dimension 2 ~° over GF(2) given by 

Theorem 3.3. Define G to be the extraspecial 2-group generated by a central in- 

volution z and involutions x,, e < 2 ~°, such that [x6,x~] = z ~'¢v6'v'). Then G/G'  

can be identified with the symplectic space V. Given a monomorphism ot : H--,  G, 

induces an injective linear map or* of  the subspace H G ' / G '  into G/G'  = V 

which preserves the bilinear form ~b. 

If  there is an ot : H-~  G with I H :  CH (ot)[ infinite then, by Lemma 3.1, there is 

an abelian subgroup A of  H such that [A[ = 1~0 and A CI Aot _< G'. Consider 

A G ' / G '  N ( A a ) G ' / G ' ;  this is finite and so there is an infinite dimensional sub- 

space B ~ A G ' / G '  such that B N Bo~* = 0. By Theorem 3.3, or* does not preserve 

the bilinear form ~ and so we have a contradiction. Hence [H:  Cn(o~) I is finite 

for all monomorphisms o~ : H ~ G. 

4. The second example 

Our second construction also depends on considering G/G'  as a vector space 

over GF(2) and will be obtained by taking G/G" to be formed from a vector space 

V and a certain subspace of its dual space V*. We begin by constructing this sub- 

space in Proposition 4.2. The results here could be given for vector spaces over 

G F ( p )  but for ease of  calculation we only present them for GF(2). 

LEMMA 4.1. Let V be a vector space o f  dimension ~o over GF(2) and let T be 

a subspace o f  V* = Hom(V, GF(2)) such that dim T <  2 ~°. Let o: V-~ Vb e  a lin- 

ear map such that codim Vo is finite and dim V(o - 1 ) is infinite. Then 

(i) there is an f E V* such that T +  ( f )  + ( o f )  = T ( ~  ( f )  (~ ( o f ) ;  

(ii) there is a subspace S c_ V* such that dim S = dim oS = 1~o and T + S + 

oS = T (~ S (~ oS. 

PROOF. (i) Consider the map o* : V* --, V* defined b y fo *  = of, for a l l f E  V*. 

Then Ker o* = (Vo) ± has finite dimension. Also, Ker(o - 1)* = (V(o - 1)) ± has 

codimension equal to d i m ( V ( o -  1) )*= 2 ~°. If R = T + [ f  E V* : o r e  T} + 

[ f E  V* : (o - 1 ) f E  T}, then R is a subspace of  V* of  codimension 2 K0. 

Therefore,  there is an element f E V* - R. We have f ~ T, of  ~ T and f + 

o f  ~ T. Therefore,  T +  ( f )  + ( o f )  = T ( ~  ( f )  (~ ( o f ) .  
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(ii) By the above,  we can choose an fo E V* such tha t  T + ( f o )  + ( o f f )  = 

T e  ( fo )  (~ (o f f )  = Ti, say. Suppose that  we have chosenfo  . . . . .  f . - i  E V* such 

tha t  

and 

d i m ( f o , . . .  , f , - l )  = d im(ofo  . . . . .  of , -1)  = n 

T. = T +  ( fo  . . . . .  f n -1 )  + ( f i fo  . . . . .  o f . - 1 )  

= T @  (fo . . . . .  f n - l )  (~ (Ofo . . . . .  o f . - l ) "  

Then  dim T. < 2 ~° and so, by (i), there is an f .  E V* such that  T. + ( f . )  + 

( o f . )  = T. O ( f . )  @ ( o f . ) .  Hence  

d im( fo  . . . . .  f . )  = d i m ( o f f  . . . . .  of . )  = n + 1 

and 

T.+~ = T +  (fo . . . .  , f . )  + ( o f f , . . .  ,of.> 

= T ( ~  (fo . . . . .  f . )  0 (fro . . . . .  of.>. 

Having  chosen thefn  inductively, for  all n, we now define S = ( f o , f l  . . . .  ); this 

clearly satisfies the required condit ions.  

PROPOSITION 4.2. Let V be a vector space o f  dimension 1¢o over GF(2)  and let 

R be a subspace o f  V* o f  dimension ~o. 

Then there is a subspace T o f  V* such that dim T = 2 ~° and T = R ~) S with 

dim S ± f ini te  satisfying: 

f o r  each linear map fi : V --* V with d im(Kero )  f ini te,  cod im Va f ini te  and 

dim V(a  - 1) infinite, T n fi T has infinite codimension in T. 

PROOF: The  set o f  all l inear maps  fi : V ---, V such that  d im(Ker  a)  is finite, 

cod im Vfi is finite and d im V(fi - 1 ) is infinite has cardinal i ty 2 ~° and  so m a y  be 

well-ordered as [ tr, : e < 2 go I. Given e < 2 ~°, suppose that  for  every 3" < e there is 

a subspace S~, o f  V* such that  

and 

dim S. r = d im orS. r = ~o 

T~ = (R,S, ,o ,S ,  :3' < ~) = R ® 0),<°S, ® G,<~o,S, .  

Then  dim T, = [E I 1% < 2 ~o. 
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By Lemma 4.1(ii), there is a subspace & _c V* with 

dim & = dim a~ & = ~o 

and 

Then 

We define S = (~)~<2~0& and T =  R ~) S. It is clear that dim T =  d i m S  = 2 s°. 

I f  a :  V ~  V is any linear map with d i m ( K e r a )  finite, codim Va finite and 

dim V(o - 1) infinite, then there is a linear map r satisfying the same conditions 

and such that or is the identity map on a subspace of finite codimension in V. Now 

r = a~ for some ~ < 2 so and r& N T = a~S~ N (R + S) = 0. Then rT  + T / T  ~_ 

r& + T / T  = r& and so d i m ( r T +  T/T)  is infinite. But then d i m ( a ( r T  + T ) / a T )  

is infinite and hence d i m ( T / T  O aT) = d i m ( T  + aT~aT) is infinite. 

I f  dim S"  is infinite then there is a a~ such that  V(a, - 1) = S ' .  But for  

f E S, c_ S and v E V, we have v(a~ - 1 ) f  = 0 and so a~f = f contrary  to 

a &n& =o. 

COROLLal~Y 4.3. Let V be a vector space o f  dimension }to over GF(2) ,  and 

suppose T is a subspace o f  V* satisfying the conclusion o f  Proposition 4.2. Let 

X,  Y be subspaces o f  V o f  finite codimension, let r: X--} Y be an isomorphism with 

dim X ( r - l)  infinite and let p : V* ---} X*  be the restriction map. Then Tp n r T 

has infinite codimension in Tp. 

PROOF. The map r can be extended to a map a : V ~  V simply by defining o to 

be 0 on some complement to X. Then dim(Ker  a) is finite, codim Va is finite and 

dim V(a - 1) is infinite. By Proposit ion 4.2, the subspace T of V* is such that  

dim T = 2 ~° and a T  n T has infinite codimension in T. But rT  = (aT)p  and so 

Tp/Tp  n rT  = Tp/Tp n aTp -~ T +  a T +  X " / a T  + X ±. 

But X ± has finite dimension wl~ile d im(T  + aT~aT) is infinite, and so 

Tp/Tp  n r T  has infinite dimension. 

Tn~.oREM 4.4. There is an infinite 2-group G with G/G'  elementary abelian 

and G' a central subgroup isomorphic to C2 x C2 such that every isomorphism 

c~ : H---, K between subgroups o f  finite index in G coincides with the identity on a 

subgroup o f  finite index in H. 
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PROOF. Let E and F be extraspecial 2-groups of cardinalities IE[ = 1%, IF[ = 

2 ~° and centres Z ( E )  = E '  = (a) ,  Z ( F )  = F' = (b) .  

Let V be a vector space of  dimension ~o over GF(2) and let ~b : E ~ V be a 

surjective group homomorphism with Ker ~ = E'.  For each eo E E the map e 

[e0,e] induces a linear map eox E V*. Let R = EX, a subspace of  V* of  dimen- 

sion ~o. By Proposition 4.2, there are subspaces S and T = R O S of  V* such that 

dim T = 2 "°, dim S ± is finite and, for each linear map a: V ~  V with dim (Ker tr) 

finite, codim Va finite and dim V(a - 1 ) infinite, TIq aThas  infinite codimension 

in T. 

Let ~ :F-- ,  S be a surjective group homomorphism with Ker ~ = F'. For each 

( e , f )  E E x F, define 

r ( e , f )  = (ed~)(f~) E GF(2). 

Then we have an action of F on E 

e f ..--_ ear te , f )  

and this action has kernel F :  We form the split extension G of E by F with this ac- 

tion. It is clear that G' = (a)  x (b )  = Z ( G ) ,  C c ( G / ( a ) )  = E x (b )  and 

C c ( G / ( b ) )  = Cc (G/ (ab ) )  = G'. In particular, (a )  is a characteristic subgroup 

of  G. 

IfE~ is a subgroup of  finite index in E, then Co(E~) is finite. For E~¢ has fi- 

nite codimension in V and so dim (El ¢)± is finite; hence C~ ( E l / ( a ) )  = EFo for 

some finite subgroup Fo of  F. Clearly, C~ (El) <- EFo and so if Cc (El)  were infi- 

nite it would follow that Ce(E~ ) is infinite, which is clearly not the case. In a sim- 

ilar way we see that C~(F~) is finite for each subgroup F~ of  finite index in F. 

Let H be any subgroup of  finite index in G; then H >_ G'  and CH(H/ (b ) )  <- 

C n ( E  N H)  and CH(H/(ab) )  < Cz-I(E f') H)  so that CH(H/ (b ) )  and Ca(H~ 

(ab)) are both finite. On the other hand, E N H <__ CN(H/ (a ) )  and if h = e f E  

CH(H/(a))  then, since E centralizes G/(a) ,  we have [f, F tq  H I  _< F r l  (a)  = 1 so 

that C , ( H / ( a ) )  <_ EC~(FM H)  and 

( * ) [ Ca ( H / ( a ) )  : E f') H I is finite. 

Now let a : H ~ K b e  an isomorphism with [ G : H [  and [G : K [  finite. We sup- 

pose that I H : C a ( a ) l  is infinite and obtain a contradiction. 

Suppose first that E1 = El') Ca(a )  has finite index in E. Then El --- E',  El < G 

and, for each e E El and f E F CI H,  we have 

e f  = ( e f ) o t  = (ea)(f,~) = etf,~). 
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Thus [f,  ol] E Co(El) ,  which is a finite subgroup. Since [E f'l H , a ]  and [F  N 

H , a ]  are finite, it follows that [H,a] is finite and hence [H:  Ca(u ) [  is finite, 

contrary to hypothesis. 

Therefore we may assume that [E:E  f') Cn(ct)[ is infinite. Then ao~ = a and 

C n ( H / ( a ) ) a  = Cn~,(Ha/(a)); also, IE : E A H I and IE : E f') Howl are finite. By 

(*), both I CI-I(H/(a>) : E  M H I and I Cno,(Ho~/(a)) :E tq Ha  I are finite; taking 

images under a and a - l ,  respectively, we find that I Ci~,(Hod<a)) : (E N H)c~ I 

and IC,v (H/(a) ) :  (E tq H t x ) a - l l  are finite as well. Therefore,  if we set L = 

(E  tq H )  fq (E t'l Hot)or -1, both L and La  = (E f') H ) a  tq (E 0 Ha)  have finite 

index in E. Thus ct induces an isomorphism between subgroups L and Lc~ of finite 

index in E. Clearly, ]L : CL(ot) I is infinite. 

For each g E G, the map e ,-. [e,g] induces an element g~ E V*. If g E E then 

g~ = gx and if g E F then g~ = g~b. Thus G~ = EX + F~b = R + S = T. 

For each h E H, h~ and hot~ are elements of T. Let X = L¢;  then X is a subspace 

of  finite codimension in Vand et induces an isomorphism r from X t o  Y =  (La )$ .  

Moreover, d i m X ( r  - 1) is infinite, for otherwise we would have IL : CL(a)I fi- 

nite. For each I E L ,  [/ ,hi E (a) ;  hence [l,h] = [l ,h]a = [la,hoL] and so h~ coin- 

cides with rha~ on X. If p : V* ~ X* is the restriction map, then we have H~p <__ 
Tp (3 fT. By Corollary 4.3, this has infinite codimension in TO = G~p and this con- 

tradicts I G : H I being finite. 
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