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ABSTRACT
We answer a question of A. Lubotzky and A. Mann by constructing examples of
infinite groups G such that every isomorphism « : H — K between subgroups H and
K having finite index in G coincides with the identity on some subgroup of finite
index. The structure of such a group is very restricted; G must be virtually a
2-group with finite central derived subgroup and G/G’ elementary abelian.

1. Definitions and introduction

We begin by giving some background to the question asked by A. Lubotzky and
A. Mann [2}. Given a group G, they considered isomorphisms « : H — K, where
H and K are subgroups of finite index in G. Given two such isomorphisms
ay:H, - K, and o, : H, — K, they have a composition o;a,: L - M, where L =
(K, N Hy)a; ! and M = (K, N H,)a,. This is the usual definition of composition
of partial maps under which the set of such isomorphisms forms an inverse semi-
group. To obtain a group we need to consider equivalence classes of such isomor-
phisms. Two isomorphisms «, : H, = K| and a5, : H, - K, are said to be equivalent
(ay ~ @) if there is a subgroup L (< H; N H,) of finite index in G such that ¢,
and a, coincide on L. It is clear that if o), ~ 3, and a; ~ 8,, then a; 0, ~ 8,8;.

An equivalence class [«] is called a virtual automorphism of G and the above
composition induces a product of virtual automorphisms; [« ][3] is defined to be
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[eB]. With this definition it is a simple matter to see that the set of virtual au-
tomorphisins of G forms a group Vaut G. We understand that this group has alsc
been considered by other authors under different names.

It is clear that if H is a subgroup of finite index in G, then Vaut H = Vaut G.
In particular, if G is finite then Vaut G is trivial. On the other hand, if G is infinite
then Vaut G generally seems to have a rather richer structure than Aut G. For ex-
ample, it is a simple exercise to show that Vaut Z = Q* and Vaut Z" = GL(n,Q).
Lubotzky and Mann asked whether there is an infinite group G with Vaut G = 1.

We answer this question by giving two examples of infinite groups satisfying this
condition. The reductions in the problem given in Section 2 show that if G is an
infinite group with Vaut G = 1 then G contains a subgroup L of finite index such
that L is a 2-group with L’ finite and central, L/L’ elementary abelian and Vaut
L = 1. Thus, in constructing our examples, we need only consider 2-groups of this
form. Our first example is of an extraspecial 2-group of cardinality 2*° but has
the disadvantage that our construction depends on the Continuum Hypothesis. Our
second example does not require the Continuum Hypothesis, but is rather more
complicated, having derived subgroup isomorphic to the 4-group. Again, this ex-
ample has cardinality 2*¢ and we have been unable to construct examples of other
cardinalities. It does seem possible that the methods used here might yield exam-
ples of higher cardinalities, but the question of whether there are countably infi-
nite groups G with Vaut G = 1 seems to be a much more difficult problem.

It is clear that if Vaut G = 1 then every automorphism « of G must coincide
with the identity automorphism on a subgroup of finite index or, equivalently,
|G: Cs(a)| is finite. Such automorphisms were called bounded by Zalesskii (5]
and virtually trivial by Menegazzo and Robinson [3]. In [3] groups of which ev-
ery automorphism is virtually trivial, or VTA-groups, were considered. Examples
of such groups were constructed and, more importantly for our purpose, a num-
ber of reduction theorems on the structure of 'TA-groups were obtained. The re-
sults which we require may be summarized as follows.

ProposrTION 1.1. (Menegazzo and Robinson [3]) Let G be a VT A-group. Then
(i) G’ is finite,

(i) G/Z(G) is centre-by-finite and has finite exponent,

(i) Z(G) is reduced and its primary components are finite,

(iv) if G is periodic, then Z(G) is finite and G has finite exponent.

If Vaut G = 1, then every subgroup of finite index in G is a VTA-group. Our
reduction theorems are based on this fact together with the results given above.
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2. Reduction theorems

Lemma 2.1.  Let G be a nilpotent group of class two whose centre contains two
subgroups A and B such that

@) G' = A,

b)) ANB=1,

(c) G/AB = Dr;c;(x;AB), where (x;) N AB < B.
Then G has an automorphism « fixing each element of A, inverting each element
of B and inverting each x;.

Proor. If we order the index set 7, then each element of G is uniquely express-
ible in the form

€. .. x8
abxf! .- - xim

witha€ A, bEB, i) < --<inpand | <e¢; < (x;4B)|.
We define the map o : G — G by

(abxf! - -xfmya = ab~'x;je - xjem,

A straightforward calculation verifies that « is an automorphism of G and it clearly
satisfies the conditions described in the conclusion of the lemma.

THEOREM 2.2. Let G be a group in which each subgroup of finite index is a
VTA-group. If G is infinite then it contains a subgroup L of finite index such that

(a) L is nilpotent of class two,

(b) L is generated by elements of order two (and so is a 2-group),

(c) L’ is finite.

Proor. The hypotheses of the theorem allow us to pass to subgroups of finite
index. In a VTA-group G, G/Z,(G) is finite (Proposition 1.1(ii)) and so we may
assume that G is nilpotent of class two. Also, G’ is finite and G/Z(G) has finite
exponent (Propositions 1.1(i) and (ii)).

If G is periodic, let 4 = G’ and B = 1. By Proposition 1.1(iv) G, and hence also
G/G’, has finite exponent.

If G is not periodic, then the p-components of Z(G) are finite (Proposition
1.1(ii1)) and so G’ is contained in a finite direct factor A of Z(G). Thus Z(G) =
A x B with G’ < A. In both cases G/4B is abelian of finite exponent and so is a
direct product of cyclic groups.

The finite abelian group A is the direct product of its Sylow p-subgroups A4,,.
Since G/B has finite exponent, each p-element a of A has finite p-height k = k(a)
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in G modulo B; that is, € G”'B — G”"' B. For each a € Ap, choose an element
x(a) € G such that x(a)”k € aB and consider

F=(x(a):a€ A,,pe 1(ANAB.

Since F is generated by the central subgroup AB and finitely many other elements,
it follows that F/AB is finite and G/C;(F) is finite.

Since G/AB is abelian of finite exponent there is a subgroup K of finite index
in G such that K < C;(F) and KN F= AB. Now K/AB is a direct product of fi-
nite cyclic groups and so we can choose elements g; € K, i € I, such that g;AB is
a p-element and K/AB = Dr;c;{g;AB).

Suppose that g;AB has order p'. If g? ‘e B, put x; = g;. If g{"B = aB, where a
is a non-trivial element of 4, we may assume that q is a p-element (if ¢ has order
p™nwith p t n, then{gl'AB) = (g;AB) and (g{')"lB = a”" B with a” of order p™).
In this case, there is a k = / such that a € G**B — G?**'B, and we put x; =
g,-x(a)“"k_l. Since g; commutes with x(a), x,.’" = g{’lx(a)"”k € B. Also, x;AB has
order p'.

For, if x,.””_” € AB then g{’“_” x(a)"*" € AB and, since K N F = AB, we
would have g{’”_” € AB (and x(a)""“"" € AB).

Further, the elements x;AB are independent. For, suppose x{'---x" € AB;
then g} - - - g"f € AB, where f is a product of powers of x(a)’s. But since K N
F = AB, it follows that gf' - - - gf" € AB and, by the independence of the g;AB’s,
g,-‘;f € AB. But x; AB has the same order as g;AB and so x,-j/ € AB.

Now let H ={x;:i € IYAB so that H/AB = Dr;c;{x;AB) and H' < G’ < A. By
Lemma 2.1, H has an automorphism « which inverts the elements of B and inverts
the elements x;, i € I.

But FH = FK has finite index in G and, since F/AB is finite, it follows that
| G: H| is finite and so H is a VTA-group. In particular, the automorphism « is
virtually trivial. But this can only occur if B is finite and all but finitely many of
the elements x;, i € I, have order 2. Let L = (x;:x? = 1). Then |G: L] is finite
and so L is a VTA-group generated by elements of order 2. Also, L’ < AB is finite.

In constructing our examples we concentrate on 2-groups of the form described
in the theorem. Having constructed such a group, the main problem is of proving
that every virtual automorphism is trivial.

3. The first example

In our first example we get around the difficulty of proving that every virtual
automorphism of G is trivial by considering one of the consequences of G having
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a non-trivial virtual automorphism. This result provides a certain countably infi-
nite subgroup of G and it is this which leads to our example having cardinality
2%0,

LeMMA 3.1. Let G be a 2-group of class two such that G/G’ is elementary
abelian and G’ is finite. Let o : H - K be an isomorphism between subgroups of
G such that |H: Cy(a)| is infinite. Then there is an infinite abelian subgroup A
of H such that AN Ao < G'.

ProorF. We show first that for any finite abelian subgroup F of H with FG' N
(Fa)G’ = G’ there is an element x € Cy(F) — FG’ such that (Fx)G’ N
(FEx)a)G’ = G’. Thus, let Y be the join of F(Fa)G' and its pre-image under a;
then |Y| and |H: Cy(F)| are finite, while |H:Cy(a)| is infinite, and so the
set {[g,a]:g € Cy(F) — Y} is infinite and cannot be contained in F(Fa)G".
If now x € Cy(F) — Y is such that [x,a] & F(Fa)G’, it is easily seen that
(Ex)G' N (Fx)a)G' =G

By the above remark we can inductively define elements x,x,,... € H and
finite subgroups A, = {x{,...,X,) such that x, € Cy(A,;) — A,;G" and
A,G' N (A,a)G’ = G". Let A = U5 A, = (X1,X2,...); then A is an infinite
abelian subgroup of H. Let y € A N Aq; then there is a least integer n such that
y€ A, N A,a, and it is clear from the definition of the A4, that y € G".

To construct a group G for which Vaut G = 1 we must therefore construct a
2-group G with G’ finite such that for every isomorphism « : H — K there is no
infinite abelian subgroup A < H such that A N Aa = G'. Alternatively, for each
pair of infinite abelian subgroups 4, B with 4 N B = G’ and each isomorphism
a:A - B, a cannot be extended to an isomorphism «*: H — K with |G : H| and
|G: K| finite.

The construction of an extraspecial 2-group with this property is based on the
method used by A. Ehrenfeucht and V. Faber in [1] to construct infinite extraspe-
cial groups in which each abelian subgroup has cardinality less than that of the
whole group. This method requires the Continuum Hypothesis, but it should be
noted that the Ehrenfeucht-Faber example has been constructed and generalized
without using the Continuum Hypothesis by Shelah and Steprans [4]. It seems pos-
sible that their methods could be adapted to improve the example we construct
here.

The results leading to the example are given in terms of an infinite cardinal m,
but because of the countable subgroup occurring in Lemma 3.1 we shall apply
them in the case m = R,.
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LemMa 3.2. 2™ =m*) Let V be a vector space of dimension m over GF(p),
U a subspace of codimension 1 andve V — U

Let ¢ : U x U— GF(p) be an alternate bilinear map and let Q be a family of lin-
ear bijections 3:X — Y where X and Y are subspaces of U having dimension m
such that XN'Y =0and |Q| =m.

Then there is an alternate bilinear map ¢’ : V X V— GF(p) extending ¢ and such
that:

Jor each (8, u,, uy) € @ X U X U, there are elements x, y € X = Dom (3 such
that

(@) ¢'(x, v) # &(xB, uy) — d(x, uz),

(b) &' (xB, v) # (x, uy) — d(xB, uy),

© ¢ (¥ v) — ¢ (¥B, v) # d(¥B, uy) — (Y, u).

Proor. Well order @ x U x U with order type pu, the least ordinal of cardinal-
ity m, so that the elements are

(Br: Xn— N, (N),ua(N)),  A<up.

We can choose elements x,, ¥, € X, such that the elements {xy, ¥, X\Bxs )nOx:
A\ < p} are linearly independent.

Extend the set {xy, ¥x,X\8x, YaBr: A < u} to a basis ® of U. Then B U {v] is
a basis of V.

The alternate bilinear map ¢’ can be specified by defining ¢’ (b,v), for all
b € ®, and then putting ¢’ (v,b) = —¢’(b,v) and ¢'(v,v) = 0. We define
¢’ (x,v) to be different from ¢(x, B, U1 (N)) — ¢(xn, uz(N)), ¢’ (X306, V) to
be different from ¢(xy, uz(N)) — ¢(x\Bx, u1(N)), ¢’ (¥x,v) and ¢’ (\By, v) s0
that ¢’ (¥, v) — ¢’ (¥\Bx, v) is different from ¢(y\Bx, 41 (N)) — &(Ix, U2(N)).
For the remaining b € & we can define ¢’ (b, v) arbitrarily.

If (B, u;, u;) € @ x U x U, then there is a A < u such that (8, u;, ;) =
(B, 41 (N), u3(N)). Then x = x,, and y = y, are the required elements.

THEOREM 3.3. (2™ = m™) There is a symplectic space V of dimension m*
over GF(p) with alternate form ¢ and with the following property:

If W is an m*-dimensional subspace of V and o: W — V is an injective linear
map such that W contains an m-dimensional subspace X with X N Xo = 0, then
o does not preserve ¢.

Proor. Let V have basis {v, : e < «}, where « is the least ordinal of cardinal-
ity m*, and let V, = {uy: N\ < e).
Consider all pairs of m-dimensional subspaces X, Y with X N Y = 0 and bijec-
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tions 3: X — Y. There are 2™ = m™* pairs (X, Y) and for each pair there are 2™ =
m™ bijections. So in total there are 2™ = m™* bijections of this type.

These may be ordered as B3, : X, — Y, with p < ¢ < x in such a way that X, +
Y. € V, (u is the least ordinal of cardinality m).

Foreache, pse<k let @, ={B: Xh 2> iipsA=<el.

We define an alternate bilinear map ¢ on ¥ x V as follows. Let ¢, be any such
map on ¥, x ¥, and then, inductively, extend ¢ on ¥, X V, to é.,, on V.,; X V4,
using Lemma 3.2 with U= V,, v =v,, ¢ = ¢. and @ = @,. This enables us to de-
fine ¢: V x V- GF(p) to coincide with ¢, on each V, x V.

Now take an injective linear map «: W — V with dim W = m* and with an
m-dimensional subspace X € W such that X N Xo = 0. We show that « does not
preserve the alternate bilinear map ¢ defined above.

The restriction of « to X occurs as some bijection 3, : X, — Y,. Since dim W =
m*, W contains an element of the form w + v; with w € ¥; and 6 some ordinal
greater than e. We consider the image of w + v; under «; there are three possi-
bilities:

@ (w+vlael,

() (w+vs)a=u+ v, withu € V,, some y > 9,

(©) (w+ v5)a=u+v;withu € V;.

Case (a): Consider the extension from ¢; to ¢,,,. Applying Lemma 3.2(a) with
u, = (w+ v;)a and u, = w, there is an x € X such that

o (x,v5) # dp(xa, (W + vs)a) — & (x, W)
and so @ (xa, (W + v3)a) # d(x, w + v;).
Case (b): Consider the extension from ¢, to ¢,.,. Applying Lemma 3.2(b)
with u; = u and u, = w + v;, there is an x € X such that
¢ (xa,vy) # S (x, W + v5) — d(xer,u)
and so ¢ (xa, (W + vs)a) = d(xa,u + v)) # ¢(x, w + v;).

Case (c): Consider the extension from ¢; to ¢s.;. Applying Lemma 3.2(c) with
u; = u and u, = w, there is a y € X such that

d(),U5) — d(yo,v5) # d(yo,u) — ¢(y, w)

so that ¢(ya, (W + vs)a) = d(yo,u + v5) # ¢y, W + v;).
In all three cases we have x € X such that ¢(xa, (w + v5)a) # ¢(x, w + v;) and
so « does not preserve the alternate form ¢.
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THEOREM 3.4. (280 =R,) There is an extraspecial 2-group G of cardinality 2%
such that every monomorphism o : H— G with | H| = 2% satisfies |H: Cy(a)| is
finite. In particular, Vaut G = 1.

Proor: Let V be the symplectic space of dimension 2% over GF(2) given by
Theorem 3.3. Define G to be the extraspecial 2-group generated by a central in-
volution z and involutions x,, € < 2%, such that [x;,x.] = z#("*), Then G/G’
can be identified with the symplectic space V. Given a monomorphism « : H — G,
« induces an injective linear map a* of the subspace HG'/G’ into G/G' =V
which preserves the bilinear form ¢.

If there is an a : H — G with | H: Cy ()| infinite then, by Lemma 3.1, there is
an abelian subgroup A of H such that |A4| = 8y and 4 N Aa < G'. Consider
AG’/G’ N (Aa)G’/G’; this is finite and so there is an infinite dimensional sub-
space B € AG’/G’ such that BN Ba* = 0. By Theorem 3.3, o™ does not preserve
the bilinear form ¢ and so we have a contradiction. Hence |H: Cy ()| is finite
for all monomorphisms «: H - G.

4. The second example

Our second construction also depends on considering G/G’ as a vector space
over GF(2) and will be obtained by taking G/G’ to be formed from a vector space
V and a certain subspace of its dual space ¥*. We begin by constructing this sub-
space in Proposition 4.2. The results here could be given for vector spaces over
GF(p) but for ease of calculation we only present them for GF(2).

LeEMMA 4.1. Let V be a vector space of dimension R, over GF(2) and let T be
a subspace of V* = Hom(V,GF(2)) such that dim T < 2", Let ¢: V- V be a lin-
ear map such that codim Vo is finite and dim V(o — 1) is infinite. Then
(i) thereisanfe€ V*suchthat T+ (f) + (af) =T ® () ® (af);
(i) there is a subspace S € V* such that dim S = dimoS =Roand T+ S +
oS=TDSD oS.

Proor. (i) Consider the map ¢*: V*— V* defined by fo* = of, for all f€ V™.
Then Ker o* = (Vo)* has finite dimension. Also, Ker(o — 1)* = (V(o — 1))* has
codimension equal to dim(V(e — 1))* =28 IfR=T+ {f€ V*:iafe T} +
[fEV*: (s —1)f€E T}, then R is a subspace of V* of codimension 2R0,

Therefore, there is an element f€ V* — R. We have f ¢ T, of ¢ T and f +
af & T. Therefore, T+ (f) + {of ) = T ® (/) ® {af).
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(ii) By the above, we can choose an fy € V* such that T + (fy) + (afy) =

T® {fo> ® (afy) = T}, say. Suppose that we have chosen fy, ..., f,_; € V* such
that

dim{fy, . . ., fuo1) = dimdafy,...,0f,_1) =n
and
T,=T+{fo,. ... u-1) +{afo,. .- s0fu1)
=T® {for-- s Su1) DLfo, - 0fu).

Then dim 7,, < 2% and so, by (i), there is an f, € V* such that T, + (f,) +
(of) =T, ® {fu) ® af,). Hence

dim{fy, ..., [fny =dimlafy,...,af,) =n+1
and
Toir =T+ {fo, -5 Ju> +{afo, ... afad
=T®Sos- -5 Sn) D Lafo,. .. 0.

Having chosen the f, inductively, for all n, we now define S = { f;, fi, - . . ); this
clearly satisfies the required conditions.

ProprosITION 4.2.  Let V be a vector space of dimension R, over GF(2) and let
R be a subspace of V* of dimension X,.

Then there is a subspace T of V* such that dimT = 2% and T = R @ S with
dim S+ finite satisfying:

for each linear map o:V — V with dim(Kero) finite, codim Ve finite and
dim V(o — 1) infinite, T N oT has infinite codimension in T.

Proor: The set of all linear maps o: V — V¥ such that dim(Ker o) is finite,
codim Vo is finite and dim V(o — 1) is infinite has cardinality 2% and so may be
well-ordered as {o, : e < 2%0}. Given e < 2*°, suppose that for every y < e there is
a subspace S, of ¥V such that

dim §, = dim ¢, S, = X,
and
I.=(R,S,,0,5,:y<e)=R® @Ke& @ @7«0787.
Then dim 7, = |e| 8o < 2%0,
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By Lemma 4.1(ii), there is a subspace S, € V* with
dim S, = dim o, S, = R,
and
T.+S. +0S8.=T,® S ® 0.5
Then

T =(R,S,,0,5,:y<e)=R® @,=cS, ® Dy=c0,5,.

We define S = @.*S. and T=R @ S. It is clear that dim T = dim S = 2%,

If 0: ¥V » V is any linear map with dim(Kero) finite, codim Vo finite and
dim V(¢ — 1) infinite, then there is a linear map 7 satisfying the same conditions
and such that o7 is the identity map on a subspace of finite codimension in V. Now
=90, forsomee<2®and 7SN T=0S N(R+S)=0. Then 7T+ /T2
78, + T/T = 78, and so dim (7T + T/T) is infinite. But then dim(o (7T + T)/oT)
is infinite and hence dim(7/T N ¢T) = dim(T + ¢7/0T) is infinite.

If dim S+ is infinite then there is a o, such that V(¢ — 1) = S*. But for
fE€S. < Sand v €V, we have v(o, — 1)f = 0 and so o.f = f contrary to
a5 NS =0.

CoROLLARY 4.3. Let V be a vector space of dimension 8, over GF(2), and
suppose T is a subspace of V* satisfying the conclusion of Proposition 4.2. Let
X, Y be subspaces of V of finite codimension, let 7: X — Y be an isomorphism with
dim X (7 — 1) infinite and let p . V* — X* be the restriction map. Then Tp N rT
has infinite codimension in Tp.

Proor. The map 7 can be extended to a map o: ¥V — V simply by defining o to
be 0 on some complement to X. Then dim (Ker o) is finite, codim Vo is finite and
dim ¥ (¢ — 1) is infinite. By Proposition 4.2, the subspace T of V'* is such that
dim T = 2% and ¢T N T has infinite codimension in 7. But 77 = (¢7T)p and so
To/ToN1T=Tp/ToNoTp=T+ oT+ X*/oT+ X+.

But X' has finite dimension while dim(7 + o7/0T) is infinite, and so
Tp/Tp N 7T has infinite dimension.

THEOREM 4.4. There is an infinite 2-group G with G/G’ elementary abelian
and G’ a central subgroup isomorphic to C, X C, such that every isomorphism
a: H— K between subgroups of finite index in G coincides with the identity on a
subgroup of finite index in H.
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Proor. Let E and F be extraspecial 2-groups of cardinalities | E| = R,, |F| =
2%0 and centres Z(E) = E' ={a), Z(F) =F' =(b).

Let V be a vector space of dimension Ry over GF(2) and let ¢ : E — V be a
surjective group homomorphism with Ker ¢ = E’. For each ¢, € E the map e ~
[eo, €] induces a linear map eyx € V*. Let R = Ex, a subspace of V* of dimen-
sion Ry. By Proposition 4.2, there are subspaces S and 7= R @ S of V* such that
dim 7 = 2%, dim S+ is finite and, for each linear map o: V' — V with dim (Ker o)
finite, codim Vo finite and dim V(o — 1) infinite, 7N o7 has infinite codimension
in T.

Let y : F— S be a surjective group homomorphism with Ker ¢ = F". For each
(e,f) € E X F, define

r(e,f) = (ed)(f¥) € GF(2).
Then we have an action of Fon F

el = ea™ten)

and this action has kernel F’. We form the split extension G of E by F with this ac-
tion. It is clear that G’ = {a) X {(b) = Z(G), Cq(G/(a)) = E x {b) and
Cs(G/(b)) = C5(G/{ab)) = G'. In particular, {a) is a characteristic subgroup
of G.

If E, is a subgroup of finite index in E, then Cs(E),) is finite. For E, ¢ has fi-
nite codimension in V and so dim (E, ¢)?* is finite; hence Cg;(E,/{a)) = EF, for
some finite subgroup Fy, of F. Clearly, C;(E,) < EF, and so if Cs(E,) were infi-
nite it would follow that Cg(E);) is infinite, which is clearly not the case. In a sim-
ilar way we see that Cg(F,) is finite for each subgroup F, of finite index in F.

Let H be any subgroup of finite index in G; then H = G’ and Cy(H/(b)) <
Cy(E N H) and Cy(H/{ab)) = Cy(E N H) so that Cy(H/{b)) and Cy(H/
{ab)) are both finite. On the other hand, EN H < Cy(H/{a)) and if h = ef €
Cy(H/{a)) then, since E centralizes G/{a), we have [LFNH]<FN<{a)=1s0
that Cy(H/{a)) < EC;(FN H) and

(*) |Cx(H/{a)): EN H| is finite.

Now let « : H— K be an isomorphism with |G : H| and |G : K| finite. We sup-
pose that | H: Cy(a)| is infinite and obtain a contradiction.

Suppose first that E; = EN Cy(a) has finite index in E. Then E, = E', E; < G
and, for each e € E, and f € F N H, we have
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Thus [f,a] € Cs(E;), which is a finite subgroup. Since [E N H,«] and [F N
H, o] are finite, it follows that [H,«] is finite and hence | H: Cy(a)| is finite,
contrary to hypothesis.

Therefore we may assume that |E: E N Cy(a)| is infinite. Then aa = a and
Cy(H/{aY)a = Cyo(Ha/(a)); also, |E: EN H| and |E: EN Ha| are finite. By
(%), both |Cy(H/<{a)):EN H| and |Cy,(Ha/{a)): E N Ha| are finite; taking
images under « and « !, respectively, we find that |Cy, (Ha/{a)): (EN H)«|
and |Cy(H/{a)): (E N Ha)a™!| are finite as well. Therefore, if we set L =
(ENH)YN(EN Ha)a™!, both L and La = (E N H)a N (E N Ha) have finite
index in E. Thus « induces an isomorphism between subgroups L and La of finite
index in E. Clearly, |L: C; (a)| is infinite.

For each g € G, the map e —~ [e,g] induces an element g¢ € V*. lf g € E then
gt=gxandifge Fthengt =gy. Thus GE =Ex+ Fy =R+ S=T.

For each h € H, h¢ and hat are elements of 7. Let X = L¢; then X is a subspace
of finite codimension in ¥ and « induces an isomorphism 7 from Xto Y = (La)¢.
Moreover, dim X (7 — 1) is infinite, for otherwise we would have |L: C, ()| fi-
nite. For each /€ L, [I,h] € {a); hence [/,h] = [],h]a = [la,ha] and so h¢ coin-
cides with 7haf on X, If p: V* > X" is the restriction map, then we have Hfp <
Tp N 7T. By Corollary 4.3, this has infinite codimension in Tp = G$p and this con-
tradicts |G : H| being finite.
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